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Miscible displacement of a more-viscous liquid by a less-viscous one with a chemi-
cal reaction in a capillary tube was investigated experimentally and theoretically. In
such a flow field, the less-viscous liquid continuously leaks from the tip of the finger-
shaped boundary between the two liquids to form another thin finger depending on
flow condition. This is called a ‘‘spike.’’ Experimental results show that in the spike
product is clearly or scarcely observed when the initial reactant concentration in the
less-viscous liquid is sufficiently larger or smaller than the stoichiometry, respectively.
On the basis of theoretical results, a model is proposed in which the difference in the
reaction plane’s location in either the less-viscous liquid or in the boundary (deter-
mined by the variation in the initial reactant concentrations) results in a significant
difference between the locations of the boundary and the reaction plane, this difference
being affected by the spike configuration of the boundary. � 2008 American Institute of

Chemical Engineers AIChE J, 54: 601–613, 2008
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Introduction

Displacement in porous media

The displacement of one viscous fluid by another in a
porous medium is an important process with a variety of
applications, for example, in enhanced oil recovery, fixed
bed regeneration, hydrology, and filtration. Basic stability
theory1,2 informs us that if the displacing fluid is less viscous
than the displaced fluid, the resulting unfavorable mobility
profile will lead to the well-known phenomenon of fingering

instability, which causes the displacing fluid to channel
through the displaced zone, thereby reducing the efficiency
of the displacement process. If the fluids are of different
densities, gravity can exert an additional stabilizing or desta-
bilizing influence. Depending on whether the two fluids are
immiscible or miscible, one can distinguish two apparently
different problems. In the immiscible case, in which the
interfacial tension acts at the interface between the two flu-
ids, the capillary number, which is the ratio of viscous to
interfacial tension forces, represents a dynamically important
parameter. In the miscible case, the dynamically important
parameter is the Péclet number, which is defined as the ratio
of the convective to diffusive transport rate of mass. As the
pore-level details of such flows in a real porous medium are
too complicated to measure experimentally and to simulate
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numerically, the flow in simple geometries, such as those
within capillary tubes or between closely spaced parallel
plates (as in a Hele-Shaw cell), has been used to model cer-
tain aspects of these flows. The former is usually considered
the simplest model of displacement in a single pore of such
a medium, while the latter could be considered a limiting
model for two-dimensional motion in an extended porous
medium.

Displacement in capillary tubes

Earlier studies regarding displacement in capillary tubes
have been devoted to the immiscible case. A main interest of
these studies is the fraction of the displaced fluid left behind
on the tube walls, m. Taylor3 studied the displacement of a
viscous fluid by another immiscible fluid (air) in a horizontal
capillary tube and found that the relationship between m and
the capillary number, Ca 5 Vtl2/r (where Vt is the velocity
of the tip, l2 is the viscosity of the displaced fluid, and r is
the surface tension between the displaced fluid and the
displacing air) shows a single curve for a number of fluids,
with this curve increasing from the origin as Ca0.5 for
small Ca, and reaching a value of 0.56 for moderately
large Ca. In a later experiment, Cox4 extended the range
of Ca and found an apparent asymptotic of 0.60 at large
Ca. The corresponding numerical simulations reported by
Reinelt and Saffman5 agree closely with the results of these
experiments.

Experiments by Petitjeans and Maxworthy6 extended Tay-
lor3 by using two miscible fluids (glycerin and glycerin/water
mixtures) in capillary tubes. Corresponding numerical simu-
lations were performed by Chen and Meiburg7 as well. Petit-
jeans and Maxworthy6 found that for a large Péclet number,
Pe, the fraction m was found to depend only on the Atwood
number, At. Here, the Péclet number is defined as Pe 5
Vmd/D, where Vm is the mean velocity of the Poiseuille flow
ahead of the fingertip, d is the tube diameter, and D is a suit-
ably averaged diffusion coefficient. As well, the Atwood
number, At, is defined as At 5 (l2 2 l1)/(l2 1 l1) and thus
is a measure of the contrast of viscosity between the two flu-
ids, where l1 is the viscosity of the displacing fluid. When
At tended to unity, the fraction m increased to a value of
0.61, which is virtually identical to the value of 0.60
obtained by Cox4 for immiscible displacements. For a small
Pe, Petitjeans and Maxworthy6 found that the fraction m
depended strongly on At and a gravitational parameter, F 5
gd2(q1 2 q2)/l2Vm, which represents the relative importance
of the gravitational and viscous force, where g is the gravita-
tional acceleration, and q1 and q2 are the densities of the
less- and more-viscous liquids, respectively. The parameter F
is negative if gravitational effects stabilize the finger dis-
placement and positive if they destabilize it. It has been dem-
onstrated that the less-viscous fluid continuously leaks from
the fingertip to form another thinner finger depending on
flow conditions when m \ 0.5. This is called a ‘‘spike.’’ The
spike never appears in the immiscible cases, in which the
interface is parabolic regardless of flow condition. The misci-
ble displacement of the less-viscous liquid by the more-vis-
cous liquid has been recently studied by Balasubramaniam
et al.,8 who observed that the boundary between the two
liquids exhibits an asymmetric, sinuous shape as well as
spike, depending on the flow conditions.

Displacement in Hele-Shaw cells

In studies of displacement in Hele-Shaw cells, three main
types of geometries have been used, these being rectilinear,
radial, and five-spot geometries.9 Studies of the displacement
in Hele-Shaw cells can be divided into two categories. One
category regards the dynamics of the interface or boundary
in the L (length) 3 W (width) plane for rectilinear displace-
ments or in the R (radius) 3 y plane for radial or five-spot
displacements. The other category regards the shape of the
interface or boundary in the cell’s gap, that is, in the L 3 b
(thickness of the cell’s gap) plane or the R 3 b plane. In the
former case, a nonlinear propagation of viscous fingering has
been exhaustively studied and is well understood especially
in Newtonian fluids. The nonlinear propagation of viscous
fingering is governed by different mechanisms of shielding,
spreading, and splitting. Shielding is a phenomenon in which
a finger slightly ahead of its neighboring fingers quickly out-
runs them and shields them from further growth. Spreading
and splitting are phenomena, in which a finger that spreads
until it reaches a certain width, becomes unstable and splits.9

A few studies regarding the latter type for immiscible dis-
placement have been reported. It has been found that when
capillary force across the gap is large enough to ensure the
complete separation of the immiscible fluids, the meniscus
then spans the gap, having a semispherical shape at suffi-
ciently small capillary numbers.10 At a sufficiently high flow
rate, however, where capillarity is small, the interface sepa-
rating the two immiscible fluids does not span the gap and
may develop within the gap itself.11 This latter type of study
regarding miscible displacement has been recently reported.
Several researchers have shown both theoretically and
numerically that miscible displacement can be described as
an advancing front with a well-defined interface, propagating
symmetrically in the middle of the gap, provided that the
flow velocity is large enough for diffusive effects to be negli-
gible.12–14 Lajeunesse et al.15 experimentally showed three
types of interface shape depending on the viscosity ratio and
flow rate in vertical displacements, referring to them as the
absence of shock, the presence of an internal shock, and the
presence of a frontal shock. Here, ‘‘shock’’ means an abrupt
decrease in the thickness of the less-viscous liquid layer in
the direction of the cell’s gap. This type of internal shock
corresponds to the spike observed in the miscible displace-
ment in the capillary tube. The internal shock-type structure
has been demonstrated by a recent numerical simulation.16

Viscous fingering with chemical reactions

It has been reported that the viscous fingering phenomenon
accompanied by chemical reactions can be observed in proc-
esses such as petroleum recovery,17 chromatographic and ad-
sorptive separation,18 polymerization,19 and the flow of gas-
tric mucus20 and has been confirmed as playing an important
role in these processes. Therefore, the coupling between
hydrodynamics and chemistry in viscous fingering involving
chemical reactions has been a subject of study. Fernandez
and Homsy21 performed experiments on immiscible viscous
fingering involving a chemical reaction acting to reduce
interfacial tension in a radial Hele-Shaw cell, finding that the
reaction makes the fingers wider. They characterized the
effects of the reaction on the reactive fingering pattern in
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terms of the Damköhler number, Da, which is defined as the
ratio between the characteristic time of fluid motion and that
of a chemical reaction. DeWit and Homsy22,23 performed a
numerical simulation on reactive miscible viscous fingering
in two-dimensional rectilinear porous media by assuming
that the fluid’s viscosity is a function of a chemical species
concentration and by using a specific chemical kinetics. They
found a new mechanism of viscous fingering, which they
refer to as the ‘‘droplet’’ mechanism, which involves the for-
mation of isolated regions of either less- or more-viscous flu-
ids in connected domains of the other. Nagatsu et al.24 per-
formed experiments on miscible viscous fingering involving
instantaneous chemical reactions that increase or decrease the
viscosity of the more-viscous fluids in a radial Hele-Shaw
cell. They found that the shielding effect is suppressed and
the fingers are widened when the viscosity of the more-vis-
cous fluid is increased by the reaction. In contrast, the shield-
ing effect is enhanced and the fingers are narrowed when the
viscosity of the more-viscous fluid is decreased by the reac-
tion. These studies21–24 investigated a chemical reaction’s
effect on the viscous fingering pattern in the L 3 W plane or
the R 3 y plane.

The authors’ previous studies on miscible viscous
fingering (or miscible displacement) with a chemical
reaction in a Hele-Shaw cell and the motivation
of the present study

Nagatsu and Ueda25 performed experiments on reactive
miscible viscous fingering (or reactive miscible displacement)
in a radial Hele-Shaw cell in a case in which the finger-
growth velocity (or the displacement velocity) is low. In their
experiments, a 99 wt % glycerin solution that included potas-
sium thiocyanate (KSCN) and an iron nitrate [Fe(NO3)3] so-
lution were used as the more- and less-viscous liquids,
respectively. The instantaneous chemical reaction expressed
in Eq. 1 takes place, resulting in a blood red-colored product.

Fe3þ þ 2SCN� ! ½FeðSCNÞ2�þðblood redÞ: (1)

This reaction has no influence on the hydrodynamics of the
fingering. It was shown that the product distribution in the
viscous fingering pattern in the R 3 y plane is highly
dependent on the ratio between the reactant concentrations
initially included in the more- and less-viscous liquids nor-
malized by a stoichiometric ratio of the chemical reaction,
/v, which is expressed as Eq. 2,

uv ¼
acl0
cm0

: (2)

In this equation, cl0 and cm0 are the molar reactant concen-
trations initially included in the less- and more-viscous
liquids, respectively, and a is the molar stoichiometric ratio
of the chemical reaction, which is a 5 2 in this study, as
shown in Eq. 1. For uv � 1, the product is present in large
quantities in a relatively broad area within the interior of the
fingers, while for uv � 1, it is concentrated around the tips
of the fingers. For uv 5 1, the product is equally distributed
among the interiors and tips of the fingers. Nagatsu and
Ueda25 also theoretically analyzed the transport of the reac-
tants and the product in two miscible liquids employed in

their experiment, that is, a 99 wt % glycerin solution (the
more-viscous liquid) and water (the less-viscous liquid), by
using a one-dimensional steady state diffusion-reaction model
with the assumption of a distinct interface between the two
miscible liquids. The analytical results revealed that for
uv � 1, the reaction plane is located in the less-viscous liq-
uid far from the interface between the two liquids and the
product widely diffuses in the diffusive zone of the less-vis-
cous liquid. On the other hand, for uv � 1, the reaction
plane is located in the more-viscous liquid close to the inter-
face and the product concentrates close to the interface in the
more-viscous liquid. Therefore, it was concluded that the
experimentally observed product distribution is caused by
the difference in the location of the reaction planes and the
difference in the product distributions in the diffusive zone
due to uv.

Next, Nagatsu and Ueda26 experimentally showed that the
dependence on uv of the product distribution in the fingering
pattern in the R 3 y plane decreases with an increase in the
finger-growth velocity. Under the condition of high finger-
growth velocity, the product is distributed from the interior
to the tip of the fingers regardless of uv. A possible reason
for this was suggested as follows. For uv � 1, the location
of the reaction plane is shifted in the less-viscous liquid to-
ward the interface and the product is significantly distributed
around the interface due to convective effects, as compared
to the case of the low finger-growth velocity. In contrast, for
uv � 1, the location of the reaction plane and the product
distribution do not significantly vary even as the finger-
growth velocity increases. As a result, the reaction plane is
located close to the interface and the product is significantly
distributed around the interface without regard to uv when
the finger-growth velocity is high. Subsequently, Nagatsu and
Ueda27 performed a theoretical analysis that added convec-
tive effects to the previous diffusion-reaction analysis to the-
oretically verify the mechanism suggested above. In the con-
vection-diffusion-reaction analysis model, a two-dimensional
stagnated flow field is assumed in the less-viscous liquid
whereas no flow is assumed in the more-viscous liquid
because it is proposed that when the less-viscous liquid dis-
places the more-viscous liquid, the flow of the less-viscous
liquid around the interface is stagnated owing to the large
difference in the viscosities of the two liquids.28 Under the
assumption of the two-dimensional stagnated flow field, the
conservation equations of the reactants and the product
become one-dimensional. The obtained analytical results sup-
ported the proposed mechanism described earlier.

The nonreactive experiment reported by Nagatsu and
Ueda25 showed that the color of the dyed less-viscous liquid
in the viscous fingering pattern in the R 3 y plane becomes
abruptly light at the fingertips. The authors suggested that
this is caused by the thickness of the less-viscous liquid layer
in the cell’s gap direction (in the R 3 b plane) becoming
abruptly thin at the fingertips, which is analogous to the
spike observed in miscible displacement in a capillary tube.
Here, the proposed structure of the fingertips in the Hele-
Shaw cell is referred as to a ‘‘sheet structure.’’ The nonreac-
tive experiment reported by Nagatsu and Ueda26 showed that
the sheet structure disappears when the finger-growth veloc-
ity is high. In previous studies,25,26 the relationship between
the dependence of the product distribution on uv and the
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sheet structure has not been explicitly discussed. This is the
motivation of the present study. In other words, the present
study focuses on whether the significant difference in the
product distribution due to the initial reaction concentrations
is caused by the formation of the sheet structure in the misci-
ble displacement in the Hele-Shaw cell or the formation of
the spike in the miscible displacement in the capillary tube.
Investigation of the reacting flow field in the L 3 b plane or
the R 3 b plane is difficult when using a Hele-Shaw cell. In
the present study, in order to elucidate the relationship
between the spike structure and the product distribution’s de-
pendence on the initial reactant concentration, experiments
have been performed regarding miscible displacement involv-
ing a spike with a chemical reaction in a capillary tube,
using the same liquids and chemical reaction as those
employed in Nagatsu and Ueda.25,26 From recent stud-
ies,6,15,29 we know that a spike can form under a certain con-
dition when a lighter less-viscous liquid downwardly displa-
ces a heavier more-viscous liquid in a vertical capillary tube.
We first performed preliminary nonreactive experiments by
using the experimental set-up mentioned above in an attempt
to determine the fluid dynamical condition under which the
spike is formed. After that, reactive experiments were per-
formed under a condition involving the spike by varying the
initial reactant concentrations. For the sake of comparison
with the case involving the spike, reactive experiments were
also performed under a condition in which the spike is not
formed.

As mentioned earlier, we performed a theoretical analysis
of the transport of the reactants and product in two miscible
liquids employed in a reactive miscible viscous fingering
experiment, that is, a 99 wt % glycerin solution (the more-
viscous liquid) and water (the less-viscous liquid), assuming
a distinct interface between the two miscible liquids.25,27

Here, we recall that in the previous analysis, a distinct inter-
face between the two miscible liquids was assumed. This
means that although the two miscible-liquid system contains
three regions (namely a less-viscous liquid region, a more-
viscous liquid region, and a boundary region between the
more- and less-viscous liquids), the presence of the boundary
region was ignored (Refer to Figure 6, which will be dis-
cussed in detail later). This also means that the miscibility
between the two liquids was not taken into account; in other
words, diffusion between less- and more-viscous liquids was
ignored. As will be discussed in detail later in this article,
the diffusion coefficient between the solvents of the less-vis-
cous liquid (water) and of the more-viscous liquid (99 wt %
glycerin solution) is larger than that of the reactants and
the product with sufficiently small concentrations compared
to the solvent concentration in the more-viscous liquid
(99 wt % glycerin solution). This is not consistent in the
previous analysis, in which the diffusion between the more-
and less-viscous solvents was ignored although the diffusion
of the reactants and the product in the more-viscous solvent
was taken into account. In the present article, we develop
an improved version of the theoretical analysis employed in
Nagatsu and Ueda25,27 by taking into account the miscibil-
ity of the more- and less-viscous solvents. Finally, the
reacting flow field employed in the present study is dis-
cussed based on the results obtained in the present theoreti-
cal analysis.

Experimental

Experimental apparatus and method

Figure 1 shows the experimental apparatus. A capillary
tube with an inner diameter d 5 3 mm and a length L 5
200 mm was positioned vertically. First, the capillary tube
was filled to the desired level with the more-viscous liquid
from the bottom of the tube. After the less-viscous liquid
was gently added from the top of the tube manually, the
less-viscous liquid was then injected at a constant volumetric
flow rate by a syringe pump. To reduce optical distortions,
the cylindrical tube was surrounded by a square box and the
intervening space was filled with water, thus attempting to
match the refractive index. The displacement patterns
observed were recorded by a digital video camera.

Liquids and chemical reaction

Experiments were performed for the reactive and nonreac-
tive cases. The liquids and chemical reaction used in the re-
active cases were the same as those used in the study by
Nagatsu and Ueda.25,26 Hence, a 99 wt % glycerin solution
that included KSCN (colorless) and an iron nitrate
[Fe(NO3)3] solution (light yellow) were used as the more-
and less-viscous liquids, respectively. Therefore, the chemical
reaction expressed by Eq. 1 takes place. In the present study,
the dimensionless parameter, u, defined in Eq. 2, is intro-
duced here as well as in the study by Nagatsu and Ueda25 in
which subscript v is omitted because it indicated viscous fin-
gering. The experiments were performed under a condition in
which u is set as 0.04, 0.2, 1, 5, and 25. The initial reactant
concentration in the less-viscous liquid, cl0, and that in the
more-viscous liquid, cm0, for each experiment are shown in
Table 1. Here, cl0 and cm0 are determined as the product con-
centration at the reaction plane are identical for each u con-
dition (See Appendix). For the nonreactive cases, a 99 wt %
glycerin solution and a 1 wt % methylene blue solution were
used as the more- and less-viscous liquids, respectively.

On parameters

As mentioned in ‘‘Introduction’’, it is known that for mis-
cible displacements in capillary tubes flow characteristics are

Figure 1. Experimental apparatus.

The lighter less-viscous liquid downwardly displaces the
heavier more-viscous liquid.
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governed by three nondimensional parameters: the Atwood
number, At, the Péclet number, Pe, and a gravitational pa-
rameter, F, which are defined by Eqs. 3–5, respectively,

At ¼ l2 � l1
l2 þ l1

; (3)

Pe ¼ Ud

D
; (4)

F ¼ gd2ðq1 � q2Þ
l2U

: (5)

Here, l1 and l2 are the viscosities of the less- and more-
viscous liquids, having values of 0.001 and 1 Pa s, respec-
tively. In Eq. 4, D represents an average diffusivity between
glycerin and water and has a value of 1.6 3 10210 m2/s, as
measured by Petitjeans and Maxworthy.6 In Eq. 5, q1 and q2
are the densities of the less- and more-viscous liquids,
respectively. The characteristic velocity, U, is defined in the
present study as

U ¼ q

d=2

� �2

p
; (6)

where q is the volumetric injection rate of the less-viscous
liquid.

Experimental Results

On the case in the presence of the spike

We first present the experimental results by setting q 5
7.76 3 10210 m3/s as the condition in which the spike is
formed. The values of the three nondimensional parameters
and those of q1 and q2 for each u condition under this exper-
imental condition of q are summarized in Table 2. As shown
in Table 2, At and Pe are independent of u and have con-
stant values. Although F varies from 2225 to 2184 depend-
ing on the condition of u, this variation is considered to be
small; therefore, the flow characteristics for each condition
of u are considered to be unchanged. Figure 2 shows the
miscible displacement pattern in the nonreactive case, where
the injection time of the less-viscous liquid, t, is 480 s.
We confirmed that under the present experimental conditions,
the boundary between the two liquids forms a spike. Figure 3
shows experimental results with the chemical reaction for
various u conditions at t 5 480 s. The blood-red color indi-
cates the presence of the product and the color depth corre-
sponds to the product’s concentration. The product’s distribu-
tion significantly varies by u. When u is smaller than unity

(u 5 0.04 and 0.2), the product is scarcely observed in the
region where the spike is observed in the nonreactive experi-
ment. As mentioned above, the flow characteristics in these
reactive conditions are unchanged compared to the nonreac-
tive case. This shows that although the spike is formed, the
product is not distributed in the spike. It should be noted that
in these cases, the spike is never visible as the original color
of the less-viscous liquid because the less-viscous liquid
is almost colorless. [In the reactive experiments, the less-
viscous liquid is the (Fe(NO3)3) solution whose color is light
yellow. As its concentration is smaller, the depth of the color
is lighter. For small u, the concentration of the Fe(NO3)3 is
small, thus the Fe(NO3)3 solution becomes almost colorless.]
When u is larger than unity (u 5 5 and 25), the product is
obviously observed in the spike. When u is unity, the prod-
uct distribution takes a middle state between the conditions
where u is smaller and larger than unity. We have found that
the depth of the blood-red color around the base of the finger
in each experiment is almost identical. This is because cm0

and cl0 were set such that the product’s concentration at the
reaction plane is identical for each u condition.

On the cases in the absence of the spike

We have found that the spike does not form when q is
decreased or increased from the value mentioned above. We
have conducted reactive experiments varying q under the
conditions of u 5 0.04 and 25 in order to examine whether
the spike is responsible for the significant dependence of the
product distribution on u. Figure 4 shows the miscible dis-
placement without and with the reaction for the condition of
q 5 1.55 3 10210 m3/s at t 5 480 s, which is a smaller q
case compared to the case in the presence of the spike. In
this case, Pe 5 657 and F is 21010 for the nonreactive
case, 21130 for the case of u 5 0.04, and 2926 for the
case of u 5 25. In the nonreactive case, the spike is not
formed and the shape of the displacement tip is almost para-
bolic. In the reactive cases, the difference in the product dis-
tribution as induced by variations in u is hardly observed.
Figure 5 shows the miscible displacement without and with
the reaction for the condition of q 5 1.05 3 1028 m3/s at
t 5 30 s, which is a larger q case compared to be the case in
the presence of the spike. In this case, Pe 5 4.47 3 104 and
F is 214.8 for the nonreactive case, 216.6 for the case of
u 5 0.04, and 213.6 for the case of u 5 25. In the nonreac-
tive case, the spike is not formed and the shape of the dis-
placement tip is also almost parabolic. In the reactive cases,
no difference in the product distribution as induced by u is
observed.

Table 1. Combinations of cl0 and cm0 for
Various u Conditions

Condition cl0 (mol/L) cm0 (mol/L)

u 5 0.04 0.00473 0.23600
u 5 0.2 0.00545 0.05450
u 5 1 0.00909 0.01820
u 5 5 0.02730 0.01090
u 5 25 0.11800 0.00945

Table 2. Values of At, Pe, and F Along With q1 and q2
for the Various Experimental Conditions Under

the Condition of q 5 7.76 3 10210 m3/s

Condition q1 (kg/m
3) q2 (kg/m

3) At Pe F

Nonreactive 1.01 3 103 1.26 3 103 0.998 3300 2200
u 5 0.04 1.00 3 103 1.28 3 103 0.998 3300 2225
u 5 0.2 1.00 3 103 1.26 3 103 0.998 3300 2208
u 5 1 1.00 3 103 1.26 3 103 0.998 3300 2208
u 5 5 1.01 3 103 1.26 3 103 0.998 3300 2200
u 5 25 1.03 3 103 1.26 3 103 0.998 3300 2184
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Theoretical Analysis of the Transport
of the Reactants and the Product

As mentioned in ‘‘Introduction’’, although the theoretical
analyses performed by Nagatsu and Ueda25,27 assumed a dis-
tinct interface between the two miscible liquids, this assump-
tion involved a discrepancy. In the present article, an
extended version of the theoretical analyses performed by
Nagatsu and Ueda25,27 has been developed by taking misci-
bility into account.

Figure 6 shows a schematic of the one-dimensional profile
of the mass fractions of the reactants initially included in the
miscible less-viscous liquid (water) and the more-viscous liq-
uid (99 wt % glycerin solution), Yl and Ym, respectively. The
two miscible-liquid system contains three regions: namely, a
less-viscous liquid region ð~x � ~xb�Þ, a more-viscous liquid
region ð~xbþ � ~xÞ, and a boundary region between the more-
and less-viscous liquids ð~xb� � ~x � ~xbþÞ, in which ~xb� and
~xbþ represent the edges at the less- and more-viscous liquid
sides of the boundary region, respectively. Since the more-
and less-viscous solvents are 99 wt % glycerin solutions and
water, the weight concentration of glycerin, denoted as w,
varies monotonically from 0 to 99 wt % in the boundary

Figure 4. Miscible displacement for (a) the nonreactive
case, (b) u 5 0.04, and (c) u 5 25 at t 5 480 s
under the conditions of At 5 0.998, Pe 5 657,
and F 5 21130 to 2926.

Figure 3. Miscible displacement patterns in the reac-
tive case at t 5 480 s under the conditions of
At 5 0.998, Pe 5 3300, and F 5 2225 to
2184 for various u, (a) u 5 0.04, (b) u 5 0.2,
(c) u 5 1, (d) u 5 5, and (e) u 5 25.

The blood-red color indicates the product’s presence and
the color depth corresponds to the product’s concentration.

Figure 5. Miscible displacement for (a) the nonreactive
case, (b) u 5 0.04, and (c) u 5 25 at t 5 30 s
under the conditions of At5 0.998, Pe5 4.473
104, and F5216.6 to213.6.

Figure 2. Miscible displacement pattern in the non-
reactive case at t 5 480 s under the condi-
tions of At 5 0.998, Pe 5 3300, and F 5
2200.
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Figure 6. Schematic of one-dimensional profiles of the
mass fractions of the reactants initially
included in the miscible less-viscous liquid
(water) and more-viscous liquid (99 wt %
glycerin solution).

Yl and Ym are the mass fractions of the reactants initially
included in the miscible less-viscous liquid and the more-
viscous liquid, respectively. w is the weight concentration
of glycerin. ql and ll are the density and viscosity of the
less-viscous liquid, respectively, and Dl is the diffusion
coefficient of the reactants and the product in the less-vis-
cous liquid region. qm, lm, and Dm are those for the more-
viscous liquid region and qb, lb, and Db are those for the
boundary region. ~xl indicates the edge of the diffusion zone
of the reactants and the product in the less-viscous liquid.
~xb2 and ~xb1 represent the edges at less- and more-viscous
liquid sides of the boundary region, respectively.

region. Here, for the sake of simplicity, the profile of w is
shown linearly. The density and viscosity of the less-viscous
liquid are designated as ql and ll, respectively, and the diffu-
sion coefficient of the reactants and the product in the less-
viscous liquid region with a sufficiently low concentration
(this condition is satisfied in the present experiments) is des-
ignated as Dl. Those for the more-viscous liquid region are
designated qm, lm, and Dm, and those in the boundary region
are designated qb, lb, and Db, respectively. Here, ll and lm
are set to 0.001 and 1 Pa s. The diffusion coefficient of the
chemical species in a solvent with a sufficiently low concen-
tration is inversely proportional to the solvent viscosity under
a constant temperature.30 In the case in which the solvent is
water, the diffusion coefficient has an order of magnitude of
1029 m2/s.31 As a result, Dl and Dm are estimated to be 1029

and 10212 m2/s, respectively. The average diffusion coeffi-
cient of the miscible 99 wt % glycerin solution (the more-
viscous liquid) and water (the less-viscous liquid), Dgw, can
be estimated to be Dgw � 10210 m2/s based on the measured
value reported by Petitjeans and Maxworthy.6 This indicates
that the width of the reactants’ and product’s diffusion zone
(diffusion width) in the less-viscous liquid region is much
larger than that in the boundary region of the less- and more-
viscous liquids. In contrast, the diffusion width of the reac-
tants and the product in the more-viscous liquid region is
much smaller than that in the boundary region, indicating
that the reactant initially included in the more-viscous liquid
diffuses in the boundary region at the rate at which the
more- and less-viscous liquids diffuse. These are schemati-
cally shown in Figure 6; as the edge of the diffusion zone of
the reactants and the product in the less-viscous liquid is rep-

resented by ~xl, the relation ~xl < ~xb� is satisfied, and Ym is
varied in ~x < ~xbþ. In other words, Yl and Ym vary in the
region of ~xl � ~x � ~xbþ. Consequently, the convection diffu-
sion-reaction in ~xl � ~x � ~xbþ is discussed below. In the pres-
ent study, ql is assumed to be constant and to have a value
of ql 5 1.0 3 103 kg/m3. A constant value of qb 5 1.0 3
103 kg/m3 is assumed, although qb is considered to vary
about 30% in the range qb 5 1.0–1.3 3 103 kg/m3. Thus, ql
5 qb 5 1.0 3 103 kg/m3 5 q is satisfied. For diffusion coef-
ficients, Dl is assumed to be constant and to have a value of
Dl 5 1 3 1029 m2/s. As mentioned above, it is appropriate
that Db is considered equal to Dgw; thus, Db is assumed to be
constant and to have a value of Db 5 1 3 10210 m2/s.

In the present analysis as well as that of Nagatsu and
Ueda,27 the flow in the less-viscous liquid region
ð~xl � ~x � ~xb�Þ is modeled as a two-dimensional, steady, stag-
nated flow in which velocities in the ~x- and ~y-directions, rep-
resented as Vx and Vy respectively, are expressed as
Vx ¼ �Kð~x� ~xb�Þ and Vy ¼ K~y, where K is constant.32 In
addition, no flow is assumed in the boundary region
ð~xb� � ~x � ~xbþÞ. Under the two-dimensional stagnated flow
field mentioned above, scalar gradients in the ~y-direction are
absent27,33; this permits the conservation equations of the
reactants and the product to become one-dimensional. Fur-
thermore, as in Nagatsu and Ueda25,27 as well, an instantane-
ous chemical reaction and Fick’s law of diffusion are
assumed. Figures 7a,b show schematics of a mass fraction
model of the two reactants and the product in the case in
which the location of a reaction plane, ~xr, is in the less-vis-
cous liquid region ð~xl � ~xr � ~xb�Þ and in the boundary region
ð~xb� � ~xr � ~xbþÞ, respectively. In these figures, the mass
fraction profiles are represented by straight lines, indicating a
case involving no convective effect. At ~x ¼ ~xr, the reaction
rate is infinite, and no reactants are assumed to exist there.
The present analysis assumes the continuities of mass frac-
tions and the mass fluxes of the reactants and the product at
~x ¼ ~xb�. Under the assumption of the two-dimensional,
steady, stagnated flow in the less-viscous liquid, the profile
of the velocity toward the boundary, u, is linear in relation to
~x as shown in Figure 7c, where u0 is u at ~x ¼ ~xl.

25 Conse-
quently, except at ~x ¼ ~xr, the conservation equations of the
reactants and the product in the less-viscous liquid region
and in the boundary region become as follows:

�qDl

d2Yj

d~x2
þ qu0

~xb� � ~x

~xb� � ~xl

dYj
d~x

¼ 0 ð~xl < ~x < ~xb�Þ; (7)

qDb

d2Yj
d~x2

¼ 0 ð~xb� < ~x < ~xbþÞ: (8)

Here, Yj represents Yl, Ym, and Yp, where Yp is the mass
fraction of the product. No reaction rate term is included
because the reaction rate in all regions, except at ~x ¼ ~xr, is
zero.

In the case of ~xl � ~xr � ~xb� (Figure 7a), the profiles of the
mass fraction of the reactants, Yl,1 (Yl in Range 1:
~xl � ~x � ~xr), Ym,2 (Ym in Range 2: ~xr � ~x � ~xb�), and Ym,3

(Ym in Range 3: ~xb� � ~x � ~xbþ), are obtained by solving
Eqs. 7 and 8 under the boundary conditions mentioned
below,
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Figure 7. Schematics of the mass fraction profile
of the two reactants and product for
(a) ~xl £ ~xr £ ~xb� and for (b) ~xb� £ ~xr £ ~xbþ and
(c) velocity profile in the diffusive zone.

Gray region indicates the boundary region between the
less- and more-viscous liquids. In (a) and (b), the mass
fraction profiles are represented by straight lines, indicat-
ing the case involving no convective effect. Here, Ypr is Yp
at ~x = ~xr. In (c), the velocity toward the boundary, u, line-
arly decreases against ~x under the assumption of the two-
dimensional, steady, stagnated flow in the less-viscous liq-
uid, and no velocity is assumed in the boundary region.

at ~x ¼ ~xl, Yl,1 5 Yl0,
at ~x ¼ ~xr, Yl,1 5 Ym,2 5 0, and

� aqDl

dYl;1
d~x

j~x¼~xr
¼ qDl

dYm;2

d~x
j~x¼~xr

; (9)

at ~x ¼ ~xb�, Ym,2 5 Ym,3, and

qDl

dYm;2

d~x
j~x¼~xb� ¼ qDb

dYm;3

d~x
j~x¼~xb� ; (10)

at ~x ¼ ~xbþ, Ym,3 5 Ym0.
Equation 9 indicates the stoichiometric relation at ~x ¼ ~xr,
which means that the ratio of the mass fluxes of reactants at
~x ¼ ~xr is identical to the mass stoichiometric ratio of the
chemical reaction, and a represents the mass stoichiometric
ratio defined by a 5 aMm/Ml, where Mm is the molecular
weight of the reactant initially included in the more-viscous
liquid, and Ml is that initially included in the less-viscous liq-
uid. Equation 10 indicates the mass flux continuity of the
reactant at ~x ¼ ~xb�. In the case of ~xb� � ~xr � ~xbþ (Figure 7b),
the profiles of the mass fraction of reactants, Yl,4 (Yl in
Range 4: ~xl � ~x � ~xb�), Yl,5 (Yl in Range 5: ~xb� � ~x � ~xr),
and Ym,6 (Ym in Range 6: ~xr � ~x � ~xbþ), are obtained by
solving Eqs. 7 and 8 under the boundary conditions men-
tioned below,
at ~x ¼ ~xl, Yl,4 5 Yl0,
at ~x ¼ ~xb�, Yl,4 5 Yl,5, and

�qDl

dYl;4
d~x

j~x¼~xb� ¼ �qDb

dYl;5
d~x

j~x¼~xb� ; (11)

at ~x ¼ ~xr, Yl,5 5 Ym,6 5 0, and

�aqDb

dYl;5
d~x

j~x¼~xr
¼ qDb

dYm;6

d~x
j~x¼~xr

; (12)

at ~x ¼ ~xbþ, Ym,6 5 Ym0.
Equations 11 and 12 are analogous to Eqs. 10 and 9, respec-
tively.

To render Eqs. 7 and 8 and the boundary conditions men-
tioned above dimensionless, ql, Dl, and u0 are selected as
characteristic values of density, diffusion coefficient, and
velocity, respectively. As well, ~x is normalized as
x ¼ ð~x� ~xlÞ=ð~xbþ � ~xlÞ, so that x 5 0 and 1 correspond to
~x ¼ ~xl and ~x ¼ ~xbþ, respectively. In addition, x 5 xb2 and
x 5 xr correspond to ~x ¼ ~xb� and ~x ¼ ~xr. The normalized coor-
dinate x is present in Figures 7 along with ~x. Equations 7 and 8
for the nondimensional variables take the form, respectively,

d2Yj
dx2

� Pel
1

xb�
1� x

xb�

� �
dYj
dx

¼ 0 ð0 � x � xb�Þ; (13)

d2Yj
dx2

¼ 0 ðxb� � x � 1Þ; (14)

where Pel is the Peclet number of the chemical species trans-
ported in the less-viscous liquid region and is defined as

Pel ¼ u0ð~xb� � ~xlÞ
Dl

: (15)

Pel is proportional to u0 because ~xb� � ~xl and Dl are con-
stant. The profiles of Yj in the ranges of 0 � x � xb2 and
xb2� x � 1 can be analytically expressed by solving Eqs. 13
and 14, respectively, as

Yj ¼ k1

Z1� x
xb�

0

exp �Peln
2

2

� �
dnþ k2 ð0 � x � xb�Þ;

(16)

Yj ¼ k3xþ k4 ðxb� � x � 1Þ; (17)
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where k1–k4 are constants of integration determined by the
boundary conditions. In the present analysis, the diffusion
width of the reactants and the product in the less-viscous liq-
uid region and that of the boundary region are assumed to be
proportional to the product of the values of their density and
diffusivity. Thus, the following relation is satisfied:

~xb� � ~xl : ~xbþ � ~xb� ¼ xb� : 1� xb� ¼ qDl : qDb; (18)

which leads to

xb� ¼ Dl=ðDl þ DbÞ � 0:909: (19)

The normalized location of the reaction plane, xr, is ana-
lytically determined as functions of Pel and u, for 0 � x �
xb2 and for xb2 � x � 1, respectively, as follows:

Z1� xr
xb�

0

exp �Peln
2

2

� �
dn ¼

R 1

0
exp � Peln

2

2

� �
dn� aYl0

Ym0

aYl0
Ym0

þ 1

¼
R 1

0
exp � Peln

2

2

� �
dn� u

uþ 1

ð0 � x � xb�Þ; ð20Þ

xr ¼ xb� þ
ð1� xb�Þ aYl0

Ym0
� R 1

0
exp � Peln

2

2

� �
dn

n o
aYlo
Ym0

þ 1

¼ xb� þ
1� xb�ð Þ u� R 1

0
exp � Peln

2

2

� �
dn

n o
uþ 1

ðxb� � x � 1Þ; ð21Þ

where aYl0/Ym0 is transformed into u by using relations such
as Yl0 5 cl0Ml/q and Ym0 5 cm0Mm/q, and Eq. 2.

Variations in xr with u for various Pel obtained by Eqs. 20
and 21 are shown in Figure 8. Here, Pel 5 0 indicates no
convective effect. In other words, the result at Pel 5 0 is the
same as that obtained by diffusion-reaction analysis. When
Pel is small, xr is located relatively far from xb2 in the less-
viscous liquid region for u � 1, while xr is located in the

boundary region for u � 1. As Pel increases, xr shifts
toward xb2 for u � 1, whereas change in xr is scarce for
u � 1. These results show that even when the miscibility is
taken into account, although there is a difference between
the present and previous analyses25,27 in which for u [ 1, xr
is located in the boundary region in the present analysis
whereas in the more-viscous liquid region in the previous
analysis, the obtained results are essentially similar to those
in the previous analyses mentioned below. A significant de-
pendence of xr on u takes place for small Pel, and as Pel
increases, the dependence of xr on u decreases.

Discussion

A plausible model of the difference in the reactive flow
fields depending on u, based on the analytical results men-
tioned above, is shown in Figure 9. When u � 1, the reac-
tion plane, which is expected to be located relatively far
from the boundary in the less-viscous liquid in the condition
involving a relatively weak convective effect, cannot form
along the spike because the boundary abruptly thins and the
thin finger becomes quite long. This can result in the product
being only negligibly distributed in the spike. In contrast,
when u � 1, the reaction plane can form along the spike
because the reaction plane is expected to be located in the
boundary, which, in turn, leads to a significant product distri-
bution in the spike. In Figure 3, the width of the blood-red
color in the spike is larger when u 5 25 than when u 5 5.
This is supposed to occur because the reaction plane is
located in the boundary closer to the more-viscous liquid

Figure 8. Variation in xr with u for various Pel.

Gray region indicates the boundary region between the less-
and more-viscous liquids. Here, xb2 � 0.909.

Figure 9. Proposed schematics of the reacting flow
field in the presence of the spike for (a) u �
1 and (b) u � 1.

The wide gray lines and the thin black lines represent the
boundary between the two miscible liquids and the reaction
plane, respectively.
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when u 5 25 than when u 5 5, which is predicted in the
analytical result shown in Figure 8.

It should be emphasized that the Péclet number used in
the analysis, Pel, increases with that in the experiment, Pe.
However, their values are not quantitatively equivalent
because their definitions are different. In other words, Pel
does not have to be 3300 in the experimental condition
shown in Figures 2 and 3 where Pe 5 3300. We recall that
D and Dl in the definitions of Pe and Pel have values of
D � 1 3 10210 m2/s and Dl 5 1 3 1029 m2/s, respectively.
With regard to the length’s scale, the diameter of the tube,
d 5 3 mm, is used in the definition of Pe, while the diffu-
sion width in the less-viscous liquid, ~xb� � ~xl, is used in the
definition of Pel. We assume that the estimated diffusion
width of

ffiffiffiffiffiffi
Dlt

p
is acceptable. As the value of t 5 1 3 102 s

is used, the value of
ffiffiffiffiffiffi
Dlt

p
is estimated as 3 3 1024 m.

Regarding the velocity, u0 in Pel is considered to be smaller
than U in Pe. Therefore, it is reasonable to consider that Pel
� 0.01 Pe. Thus, Pel is considered to be smaller than 33 in
the experimental condition shown in Figures 2 and 3. This
indicates that the reaction plane’s location is theoretically
predicted to depend significantly on u in the experimental
condition of Pe 5 3300 based on Figure 8. This result sup-
ports the model proposed in Figure 9.

Figure 10 shows schematics of the reacting flow field pro-
posed under the condition shown in Figure 4. In this case,
based on the analytical results, when u � 1, the reaction
plane is predicted to be located in the less-viscous liquid far-
ther from the boundary compared to the case in Figure 3.
This indicates that the difference in the locations of the reac-
tion plane dependent on u is expected to increase with a
decrease in q or Pe in terms of the reactants’ transport. In
spite of this, the product distribution’s dependence on u is
hardly observed in the experimental results. This is consid-
ered to be due to the negligible difference in the relationship
between the locations of the boundary and the reaction plane,
as shown in Figure 10. This is caused by the shape of the
boundary that is almost parabolic, and thus the reaction plane
is established along the boundary even when u � 1. This
can result in the product distribution being independent of u.
This shows that the presence of the spike is indispensable for
a significant difference between the locations of the boundary
and the reaction plane as induced by changes in u, and is

thus also indispensable for a significant difference in the
product distribution due to u. The experimental results
shown in Figure 5 can now be understood because the differ-
ence in the locations of the boundary and the reaction plane
decreases with an increase in q or Pe in terms of the reac-
tants’ transport based on the analytical results. In addition,
the shape of the boundary is almost parabolic.

On the basis of the above discussion, the cause of the
product distribution’s significant dependence on u can be
considered as follows. Whether the reaction plane is located
in either the less-viscous liquid or the boundary between the
two liquids (which occurs in terms of the reactants’ trans-
port) results in the significant difference between the loca-
tions of the boundary and the reaction plane, as affected by
the spike configuration of the boundary, which in turn occurs
according to the principles of hydrodynamics. The location
of the reaction plane’s dependence on u is caused by the dif-
fusion coefficient between the less- and more-viscous liquids
being much smaller that that of the chemical species in the
less-viscous liquid. The chemical reaction induced by the
two reactants initially included in glycerin and water satisfies
this condition. It is considered, at the time of this writing,
that a stress believed to act in a region having a steep con-
centration gradient between two miscible liquids, which
mimics an interfacial tension acting on two immiscible fluids,
plays an important role in spike formation.6,29 The use of
glycerin and water produces such a steep concentration gradi-
ent between two miscible liquids. Thus, a chemical-reacting
flow involving the use of glycerin and water can be inter-
preted as satisfying both of the two conditions, one being
that the difference is present whether the reaction plane is
located in the less-viscous liquid or in the boundary due to u
in terms of transport phenomena, the other being that the
boundary forms the spike according to the principles of fluid
dynamics.

Comparison should be made between the experimental
results of the present study using a capillary tube and the
results of the previous studies25,26 involving a Hele-Shaw
cell. As mentioned in ‘‘Introduction,’’ in the Hele-Shaw cell
experiment, when finger-growth velocity is low, the product
in the R 3 y plane is present in large quantities in a rela-
tively broad area within the interior of the fingers for uv �
1, while it is concentrated around the tips of the fingers for
uv � 1.25 When finger-growth velocity is high, the product
is distributed from the interior to the tip of the fingers
regardless of uv.

26 The present results shown in Figures 3
and 5 correspond to those from the Hele-Shaw cell experi-
ment in the cases where finger-growth velocity is low and
high, respectively. It is worth noting that the experimental
results corresponding to the present results (shown in Figure 4),
in which the spike is not formed under the low displacement
speed condition, are not observed in the previous Hele-Shaw
cell experiments. We have found that the present result
shown in Figure 5 is consistent with that of the previous
Hele-Shaw cell experiment for the high finger-growth veloc-
ity condition. However, we have found that the present
results shown in Figure 3 are not completely consistent with
those of the previous Hele-Shaw cell experiment for the low
finger-growth velocity condition. For small u (or uv), the
capillary tube’s experimental results are consistent with the
Hele-Shaw cell’s experimental results. Actually, for small u,

Figure 10. Proposed schematics of the reacting flow
field in the absence of the spike for (a) u <<
1 and (b) u >> 1.

The wide gray lines and the thin black lines represent the
boundary between the two miscible liquids and the reac-
tion plane, respectively.
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the product is scarcely observed in the spike and is clearly
observed around the base of the finger in the capillary tube
experiment. For large u (or uv), the capillary tube’s experi-
mental results are not quite consistent with the Hele-Shaw
cell’s experimental results in that in the capillary tube experi-
ment, the product is distributed significantly in the spike and
around the base of the finger. In this, we see that the product
distribution in the finger base for large u (or uv) is the only
point which differs between the Hele-Shaw cell experiment
and the capillary tube experiment. Research attempting to
elucidate how this difference arises is currently underway.
The present study strongly suggests, however, that the forma-
tion of the sheet structure in the miscible displacement in the
Hele-Shaw cell is responsible for the significant difference in
the product distribution in the viscous fingering pattern in the
R 3 y plane due to uv observed in Nagatsu and Ueda.25

Here, we discuss the relationship between the present
reacting flow and the so-called mixing-sensitive reactions
such as the four Bourne reactions,34 in which product forma-
tion and selectivity largely depend on local reactant concen-
trations. In the mixing-sensitive reactions, flow condition
determines the degree of mixing and thus determines the
local reactant concentrations that in turn affect the product
distribution. In other words, the product distribution in such
cases depends not on the initial reactant concentrations (con-
centrations of the reactants injected to the flow field) but on
flow condition. In contrast, the product distribution in the
present reacting flow depends not on flow condition but on
initial reactant concentrations.

In combustion, which is a typical reacting flow problem in
a gas phase, the variation in the locations of the reaction
plane, that is, a flame sheet in a diffusion flame due to the
initial concentration of fuel, is sometimes discussed.35 In this
case, since the difference in the relationship between the
location of the boundary between the fuel and oxidizer and
that of the flame sheet is not significant, a remarkable differ-
ence in product distribution is not observed. Additionally, in
a reacting flow in a liquid phase, especially in the case of
water, the reaction plane is always located in the boundary
since the diffusion coefficient between the two nonpremixed
phases has the same order of magnitude (1029 m2/s) as that
of the reactants in the water phase. Actually, a significant
difference in the product distribution owing to initial reactant
concentrations has never been discussed in such a system. To
the best of our knowledge, miscible displacement with a
chemical reaction involving the spike in a capillary tube, as
well as that involving the sheet structure in a Hele-Shaw cell
employed in the present study or in Nagatsu and Ueda,25 is
the only reacting flow in which the product distribution is
significantly changed by the initial reactant concentrations.

Conclusion

Experimental and theoretical investigations have been per-
formed regarding the miscible displacements of a more-vis-
cous liquid by a less-viscous liquid with a chemical reaction
in a capillary tube. Here, the chemical reaction is instantane-
ous and does not influence hydrodynamics. In the present
study, we have focused on whether the formation of the
spike is responsible for a significant difference in the product
distribution due to the ratio between the reactant concentra-

tions initially included in the more- and less-viscous liquids
normalized by a stoichiometric ratio of the chemical reaction,
u, which is defined as u 5 acl0/cm0 [where cl0 and cm0 are
the molar reactant concentrations initially included in the
less- and more-viscous liquids, respectively, and a is the
molar stoichiometric ratio of the chemical reaction (a 5 2 in
this study)]. The experimental results show that upon spike
formation, the product distribution significantly depends on
u. The product is clearly observed in the spike at u � 1. In
contrast, it is hardly observed in the spike at u � 1. In the
present experimental system, we have found that the spike is
not formed and the shape of the displacement tip is almost
parabolic when q or Pe is decreased or increased from the
condition in which the spike is formed. In both cases, the
difference in product distribution due to u is scarcely
observed and the product is distributed along the boundary.
We have conducted a steady convection-diffusion-reaction
analysis using the system employed in the present experi-
ments. This analysis is considered to be an improved version
of the previous analyses performed by Nagatsu and Ueda23,25

that assumes a distinct interface between two miscible fluids.
In other words, the present analysis takes miscibility into
account. The present analytical results show that when the
convective effect is weak, the reaction plane is located rela-
tively far from the boundary in the less-viscous liquid for u
� 1, while it is located in the boundary for u � 1. As
the convective effect increases, the location of the reaction
plane is shifted toward the boundary for u � 1, whereas
the change in the location of the reaction plane is negligible
for u � 1. In other words, a significant dependence of xr on
u takes place under a weak convective effect, and as the
convective effect increases the dependence of xr on u
decreases.

On the basis of the analytical results, a plausible model of
the difference in the reactive flow fields depending of u in
cases involving a spike is proposed. In the model, when
u � 1, the reaction plane, which is predicted to be located
relatively far from the boundary in the less-viscous liquid,
cannot form along the spike because the boundary abruptly
thins and the thin finger becomes quite long. In contrast,
when u � 1, the reaction plane can form along the spike,
because the location of the reaction plane is expected to be
within the boundary. The experimental results, in which the
product distribution’s dependence on u is scarcely observed
under the smaller q or Pe condition without the spike
(although the difference in the locations of the boundary and
the reaction plane due to u is theoretically predicted to
increase with a decrease in q or Pe from the viewpoint of
the reactants’ transport), are interpreted to be caused by the
shape of the boundary that is almost parabolic, and thus the
reaction plane is established along the boundary even when
u � 1. This shows that the spike is indispensable for the
significant difference in the product distribution due to u.
The experimental results showing no difference in the prod-
uct distribution due to u under the larger q or Pe condition
without the spike can be understood as follows. The differ-
ence in the locations of the boundary and the reaction plane
due to u is theoretically predicted to decrease with an
increase in q or Pe in terms of the reactants’ transport, while
in addition the shape of the boundary is almost parabolic. To
the best of our knowledge, miscible displacement with a
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chemical reaction involving a spike in a capillary tube, as
well as that involving the sheet structure in a Hele-Shaw cell
employed in the present study or in Nagatsu and Ueda,25 is
the only reacting flow in which product distribution is signifi-
cantly changed by the initial reactant concentrations.
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Appendix: On Calculation of cl0 and
cm0 in Table 1

In Figure 7, in the case of ~xl � ~xr � ~xb� (Figure 7a), the
profiles of the mass fraction of the product, Yp,1 (Yp in Range
1), Yp,2 (Yp in Range 2), and Yp,3 (Yp in Range 3), are
obtained by solving Eqs. 7 and 8 under the boundary condi-
tions mentioned below;
at ~x ¼ ~xl, Yp,1 5 0.
at ~x ¼ ~xr, Yp,1 5 Yp,2 5 Ypr, and

�qDl

dYl;1
d~x

~x¼~xrj þ qDl

dYm;2

d~x
~x¼~xrj

¼ qDl

dYp;1
d~x

~x¼~xrj � qurYpr

� �
� qDl

dYp;2
d~x

~x¼~xrj þ qurYpr

� �
:

(A1)

at ~x ¼ ~xb�, Yp,2 5 Yp,3, and

�qDl

dYp;2
d~x

~x¼~xb�j ¼ �qDb
dYp;3
d~x

~x¼~xb�j : (A2)

at ~x ¼ ~xbþ, Yp,3 5 0.
Here, Ypr is Yp at ~x ¼ ~xr. Equation A1 indicates the mass
conservation of the reactants and the product at ~x ¼ ~xr, which
means that the sum of the mass fluxes of the reactants into
the reaction plane is equal to that of the product from the reac-
tion plane. Here, ur is u at ~x ¼ ~xr. Equation A2 indicates the
mass flux continuity of the product at ~x ¼ ~xb�. In the case of
~xb� � ~xr � ~xbþ (Figure 7b), the profiles of the mass fraction of
the product, Yp,4 (Yp in Range 4), Yp,5 (Yp in Range 5), and Yp,6
(Yp in Range 6), are obtained by solving Eqs. 7 and 8 under the
boundary conditions mentioned below,
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at ~x ¼ ~xl, Yp,4 5 0.
at ~x ¼ ~xb�, Yp,4 5 Yp,5, and

qDl

dYp;4
d~x

~x¼~xb�j ¼ qDb

dYp;5
d~x

~x¼~xb�j : (A3)

at ~x ¼ ~xr, Yp,5 5 Yp,6 5 Ypr, and

�qDm

dYl;5
d~x

~x¼~xrj þ qDm

dYm;6

d~x
~x¼~xrj

¼ qDm

dYp;5
d~x

~x¼~xrj � qDm

dYp;6
d~x

~x¼~xrj : ðA4Þ

at ~x ¼ ~xbþ, Yp,6 5 0.
Equations A3 and A4 are analogous to Eqs. A2 and
A1, respectively. Ypr is determined by Eq. A5 employing
Eqs. A1, A2, 19, and 20 in the case of ~xl � ~xr � ~xb�, or

by using Eqs. A3, A4, 19, and 21 in the case of
~xb� � ~xr � ~xbþ,

Ypr ¼ ðaþ 1ÞYl0Ym0

aYl0 þ Ym0

: (A5)

The molar concentration of the product, cpr, is determined
by Eq. A6,

cpr ¼ qYpr
Mp

¼ cl0cm0

acl0 þ cm0

; (A6)

where Mp is the molecular weight of the product. In the present
experimental conditions shown in Table 1, cl0 and cm0 are deter-
mined such that cpr in Eq. A6 is identical for each u condition.
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